Particle in the box

Particle in one-dimensional box
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An example of a situation in which only bound states exist
in a quantum system.
We consider the stationary states of a particle confined to
a one-dimensional interval [-a; a] assuming that the
potential outside of this interval is infinite.
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The stationary solutions have the form
where
is determined by

Eigenvalue Equation
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Φ(a)=0

Φ(-a)=0

dΦ‘/dx (a)
is not determined

dΦ‘/dx (-a)
is not determined
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General solution:

Φ(x) = Asinkx + Bcoskx and k=(8π2mE/h2 )1/2
(k is determined by inserting φ to
the Schrödinger equation)

Application of the boundary conditions:

Asinkx+Bcoskx=0

x=a

Asinkx=0

-Asinkx+Bcoskx=0

x=-a

Bcoskx=0

One can not make both sin and cos zero for a given value of α or E.
Two classes of solution are possible:

n is odd integer for the first
class
A=0
B=0

and
and

coskx=0
sinkx=0

ka=nπ/2
n is an even integer for the
second class

More specifically, for even solutions they are

One could find this solution using symmetry considerations!!!
We note that the box is symmetric with respect to the origin. We can expect, hence, that
the solutions obey this symmetry as well. We assume, therefore, two types of solutions,
so-called even solutions obeying

and so-called odd solutions obeying

One can readily verify that these functions satisfy the differential equation.
The boundary conditions which according to need to be satisfied are

Parity
The division of the eigenfunctions into even and odd types is a direct consequence of
symmetric properties of the potential energy function V(x). It is symmetric about x=0
and V(-x)=V(x)
h2 2
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∇ + V ( x )]Φ( x ) = EΦ( x )
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[−
∇ + V ( x )]Φ( − x ) = EΦ( − x )
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Φ(x) and φ(-x) are solutions of the same equation with the same eigenvalue E.
Suppose that there is only one linearly independent eigenfunction that corresponds
to this energy level; then φ(x) and φ(−x) can differ only by a multiplicative constant:
f(-x)=εf(x)
-------------Æε2=1 -------Æ ε=+/-1
f(x)=εf(-x)
Thus all such eigenfunctions of a symmetric potential are either even or odd
with respect to changes of sign of x
such wave functions have even and odd parity

The Energy Spectrum and Stationary State Wave Functions

The energy values corresponding to the kn values according to the dispersion
relationships given are:

where the energies for odd (even) n- values correspond to the even (odd)
solutions given:

The wave functions represent stationary states of the particle in a one-dimensional box.
The wave functions for the five lowest energies En are presented in Fig. Notice that the number of
nodes of the wave functions increase by one in going from one state to the state with the next
higher energy En.
By counting the number of their nodes one can determine the energy ordering of the wave
functions.

Comments:
There is an infinite sequence of discrete energy levels
that correspond to all positive integer values of the quantum number n
There is just one eigenfunction for each level, and the number of nodes
of the nth eigenfunction that are within the potential well is n-1
The order of magnitude of the lowest or ground state energy level
is in agreement with the uncertainty relation. The position uncertainty of order a
implies a momentum uncertainty
2
kinetic energy of order
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which in turn implies a minimum

Normalization

The Stationary States form a Complete Orthonormal Basis
One can demonstrate that the set of solutions:

form an orthonormal basis set, i.e., it holds

Example of a Non-Stationary State
As an illustration of a non-stationary state, wave packet, we consider a particle in an
initial state

Motion of the wave packet can be analyzed using using probability function
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Stroboscopic views of the probability
distribution
for a particle in a
box starting in a Gaussian distribution
with momentum

This initial state corresponds to the
particle being localized initially near x0 =
0 with a velocity
in
the direction of the positive x-axis. Fig.
presents the probability distribution of
the particle at subsequent times. One
can recognize that the particle moves
first to the left and that near the right
wall of the box interference effects
develop. The particle moves then to
the left, being reflected at the right wall.
The interference pattern begins to
`smear out‘ rst, but the collision with the
left wall leads to new interference
effects. The last frame shows the wave
front reaching again the right wall and
the onset of new interference.

Particle in three dimensional box

Particle in Three-Dimensional Box
Generalization of the previous case
We consider now a particle moving in a three-dimensional rectangular box with side
lengths 2a1, 2a2; 2a3. Placing the origin at the center and aligning the x1; x2; x3 axes with
the edges of the box yields spatial boundary conditions.
We seek then solutions of the time-dependent Schrödinger equation:

which are stationary states. The corresponding solutions have the form

Since the Hamiltonian ^H is a sum of operators O(xj) each dependent only on a
single variable, i.e., ^H = O(x1) + O(x2) + O(x3), one can express

The solutions of (3.120) can be written:

Symmetries
The three-dimensional box containing a particle allows three symmetry operations that leave the box
unchanged, namely rotation by around the x1; x2; x3 axes. This symmetry has been exploited in deriving the
stationary states. If two or all three orthogonal sides of the box have the same length further symmetry
operations leave the system unaltered. For example, if all three lengths a1; a2; a3 are identical, i.e., a1 = a2 =
a3 = a then rotation around the x1; x2; x3 axes by =2 also leaves the system unaltered. This additional
symmetry is also reflected by degeneracies in the energy levels.

One can readily verify that the symmetry of the box leads to three-fold and six-fold degeneracies. Such
degeneracies are always a signature of an underlying symmetry. Actually, in the present case `accidental'
degeneracies also occur, e.g., for (n1; n2; n3) = (3; 3; 3) (1; 1; 5). The origin of this degeneracy is, however, the
identity 32 + 32 + 32 = 12 + 12 + 52. One particular aspect of the degeneracies is worth mentioning. We consider
the degeneracy of the energy E122 which is due to the identity E122 = E212 = E221. Any linear combination of wave
functions

obeys the stationary Schrödinger equation
However, this linear combination is not necessarily orthogonal to other degeneraste states, for
example,
Hence,in case of degenerate states one cannot necessarily expect that stationary states are orthogonal. However,
in case of an n{fold degeneracy it is always possible, due to the hermitian character of ^H, to construct n
orthogonal stationary states

